


MIHICTEPCTBO OCBITH I HAYKH YKPATHU

HAIJIOHAJIbHUI TEXHIYHUIA YHIBEPCUTET

«XapKiBCHKUH NOMITEXHIYHUN IHCTUTYT»

L. V. Kurpa, T. V. Shmatko
JI. B. Kypna, T. B. llImaTko

DIFFERENTIAL AND INTEGRAL CALCULUS
FOR ONE VARIABLE FUNCTIONS

The Educational Textbook
for Students of Technical Universities

JUOEPEHIIAJIBHE TA IHTET'PAJIHE YU CJIEHHS
@ YHKIIN OJHIET 3SMIHHOI

HapuansHuii mociOHUK
JUISL CTY/ICHTIB TEXHIUYHHX CIIeHiaIbHOCTEH

PexomenioBano BueHoro pagoro HaiioHanbHOTo TEXHIYHOTO YHIBEPCHTETY «
XapKkiBCbKHI MOJIITEXHIYHAH IHCTUTY T

XapkiB
HTY «XIII»
2017



VIIK 517.2 (075)
BBK 22.161.1

K93

K93
Pemnenszentu:

O. H. Jlumeun, 1-p ¢i3.-Mat. HayK, npodecop, YKpaiHCbKa
IH)KEHEepHO-TIeIaroriyna akaaeMisi, M. XapKis;

O. I'. Hixonaes, 1-p ¢i3.-Mat. HayK, npogecop, HamionanpHuit
aepokocMiyHuil yHiBepcuteT iM. M. €. J)KykoBcbkoro
«XapKiBCbKHMH aBialliiHUH IHCTUTYT», M. XapKiB.

PexomenzoBaro Bueroro pasoro HarioHansHOro TEXHIYHOTO yHIBEpCHTETY
«XapKiBCbKHI MOJIITEXHIYHU IHCTUTYT» SIK HABUATBHHUIT ITOCIOHNK
JUTSL CTYICHTIB TEXHIYHUX clieniabHOCTel, poTokos Ne 7 Bix 23.09.2016 p.

B HaBuankHOMY TOCIOHHKY pO3IJIAAETECS TEOPETHUHMM Martepial 3 TakuX pPO3JiNiB
BUIIO] MaTeMaTHKH: TEOpisl TPaHHIlb, HENEPepBHICTh (YyHKUIH, AudepeHuianrbHe Ta iHTE-
rpajbHe 4MCIeHHsS Ui (QyHKIIH oxuiel 3miHHOI. ITOCIOHMK MicTUTB B COOi JOBEJEHHS BCiX
HEOOXiIHUX TeopeM, nepebayeHuX POGOYOI MPOrpaMoK 3 MAaTeMaTHYHOrO aHaji3y CTOCOB-
HO PO3MIISIHYTHX TEM, Ta UIIOCTPALLiI0 X Ha KOHKPETHUX MPHKIA/ax.

[lpu3HaueHo I CTYACHTIB TEXHIYHMX YHIBEPCHTETIB, SIKi BMBYAIOTh BHILY MaTema-
THKY aHIJIICBKOI0 MOBOIO.

Kypna JI. B.

Differential and Integral Calculus for One Variable Functions =
JudepeHuianbHe Ta iHTErpajbHe YHCIEHHA Juil  (yHKIIH opHi€l 3MiHHOI:
HaBy. moci6. / JI. B. Kypma, T. B. IlImarko. — XapkiB : HTY «XIIl», 2017. —
324 c. — AHI1. MOBOIO.

ISBN 978-617-05-0226-1

The educational textbook includes theoretical material of the following sections of the
higher mathematics: Limits theory, continuity of functions, differential and integral calculus
for functions of one variable. The manual contains all necessary proof of theorems provided
the work program of mathematical analysis regarding topics discussed, and their illustration
on concrete examples.

The educational textbook would be useful for students of technical universities, who
are studying the higher mathematics in English.

In.171. Ta6xa. 9. BiGmiorp.: 6 Ha3B.
YK 517.2 (075)
BBK 22.161.1

ISBN 978-617-05-0226-1 © Kypna JI. B., IlImarko T. B., 2017.



CONTENT

INTRODUCTION ..ottt ettt et 3
CHAPTER 1. FUNCTIONS OF ONE VARIABLE......cccccecectnniiieninees 9
1.1.  Basic Logic SYMDbOIS..ccioieieiiieieiieieieeieteeieeee e 9
1.2. The Simplest Concepts and Designations of the Sets Theory ....... 9
1.3. The Absolute Value (Modulus) of a Real Number and its
PrOPETEICS ettt ettt ettt ettt ettt b et s s ese st s s sene e 11
1.4. Numerical Sets. Interval. A Neighbourhood of a Point 13
1.5. Constants and Variables Quantities. Classification of Variables 14
1.6, FUNCHION ettt 15
1.7.  Ways of Function Representation.........cocccoeeiieneiinennineineececne 17
1.8. Implicit and Explicit FUNCHIONS...ccceeiiiiiiiiiiiienicieeeeeeeeeseee 19
1.9. Even and Odd Functions. Periodic Functions ........c.ccccceevenecncnnne 19
1.10. Inverse Function........c.cccoe..... w21
1.11. Basic Elementary Functions 22
1.12. Composite FUNCIION...cccciiiiiriiiiiiicinice et 29
1.13. Elementary FUNCHIONS ..ccoceiittiiiiiiiiecsieeeeceee s 30
CHAPTER 2. LIMITS THEORY ..ot 31
2.1.  Limit of Numerical SEqUENCE......cccevirrieriiriririeeeeereeeeerie e 31
2.2.  The Simplest Properties of the LimitS......ccccocevveririeieiecieieieienenene 35
2.3.  Limit of MONOtONiC SEQUENCE....cceerueieriiririerierieeieeiteteree et eieeaeeaees 39
2.4. Infinitesimals and their Main Properties 40

2.5. Properties of Limits Connected with Arithmetic Operations .... 43

2.6. Infinitely Large Values and Th&ir Main Properties........cccecveneene. 45
2.7. Connection Between Infinitely Large and Infinitesimals................. 46
2.8. Limits of a Function at a Point and on Infinity.........ccecveninnnnne. 47
2.9. One-Sided Limits of a Function at a Point........cccceeeeevecierenenenenenne 49
2.10. Properties of the Function Limits......ccccooereiineiinenninciieececee 52
2.11. The Second Definition of a Function Limit at a Point and on

IO TINIEY ceteiteietec ettt ettt ettt ne e aenens 56
2.12. The first Remarkable Limit.....cccooroiriiiiiininininininceieeecceceee 58
2.13. The Number ¢ as Limit of the Numerical Sequence.......cccccc. cuuenuene. 60
2.14. The Second Remarkable Limit.....ccccooireiiieiinenieinieieenecseeeeece 61
2.15. Comparison of the Infinitesimals.........cccocoevecenneevennecrinneecnenen 63
2.16. Equivalent Infinite€Simals........ccocevierierereniienieieieeeeee e 65



CHAPTER 3. CONTINUITY OF A FUNCTION 68

3.1.  Definition of Continuous Function at a Point 68
3.2.  Another Definitions of the Function Continuity..........ccceoeveverurverennnns 69
3.3.  Arithmetic Operations on Continuous Functions............ceccceceveveveneene. 71
3.4. Continuity of the Composite FUunction..........ceccevevererenencenceeeerenennnn 71
3.5. Theorem about Retaining Sign of a Continuous Function................ 72
3.6. Continuity of the Inverse Function.........cccceevevieiviereeenennn. 73
3.7. Continuity of the Basic Elementary Functions 73
3.8. Classification of Discontinuity Points.......cccooeoeieneiinieneiinennenecne 76
3.9. Corollaries of the Second Remarkable Limit........cceoeireiiieirnnnee. 83
3.10. Limit of Power-exponential FUnction........cc.cocooeeivieeeeiniereeceniereeenen. 87
3.11.Lemma about Contracting Segments........cccocerueererererieeneeneneeeenene 87
3.12. Lemma By Boltsano-Weierstrass.....oooveeeerererererererereererenereseseseseenes 88
3.13. Properties of the Functions. Continuous on Closed Interval.......... 89
3.14. Uniform Continuity of @ FUNCEION.......c.cceveveveeeeeiceeeeeeeeee s e 94
CHAPTER 4. FUNDAMENTALS OF THE DIFFERENTIAL
CALCULUS FOR ONE VARIABLE FUNCTIONS..... . 95
4.1. Derivative of a Function and its Geometric Sense 95
4.2. Connection Between Continuity and Differentiability of a
FUNCHIOM .t 99
4.3. The Basic Rules for Finding Derivatives........ccocoeeeierieieenenieeeeens 100
4.4. Derivative of the Inverse FUNCLION.....cccooviveieiieeriiiceieeeenans 104
4.5. Derivatives of the Inverse Trigonometric Functions.........cccccoeveueee. 105
4.6. Derivatives of the Hyperbolic and Inverse Hyperbolic Functions 106
4.7. The Table of the Basic Formulas and Rules of Differentiation .... 107
4.8. Derivative of the Composite FUNCtioN........cccoevvveiiriereeiriereeieiereieneen 108
4.9. Differentiation of the Implicit FUNCtions.......cccocevovevevevrveveeeeereeereeeee 109
4.10. Logarithmic Differentiation.......c.ocecoveeirnieinneeinneeceneeeeseeee 112
4.11. Geometric and Physical Applications of the Derivatives................. 114
4.12. Parametric Representation of @ FUNCtioN........cccoeuiueueuiuiceencccceceennes 117
4.13. The Equations of Some Curves in Parametric Form...........c........... 118
4.14. The Derivative of a Function Represented Parametrically............... 121
4.15. The Differential........ccccoeereveiiererererererecerenenan. w124
4.16. The Geometric Meaning of the Differential 129
4.17. Derivatives of Different Orders.......ccoooieeeirieeririnereeeeeeseeeenn, 130
4.18. Differentials of Higher Orders......cocooeirieiieniininirieeeeeeeseee 133
4.19. Derivatives of Higher Order of the Functions Represented
ParametriCally i 135



CHAPTER 5. INVESTIGATION OF THE BEHAVIOUR OF

FUNCTIONS ...ttt 137
5.1. The Mean-Value Theorems of Differential Calculus........c.ccceuennecn 137
5.2. L’Hospital’s Rule for Evaluating Indeterminate Forms of the

P e 143
5.3.  Evaluating Indeterminate form Using L’Hospital’s Rule .... 146
5.4 Evaluating Power-Exponential Indeterminate Forms....................... 148
5.5 Theorems About Increase and Decrease of a Function on an

INEETVAL .ot 149
5.6. Extremum of a function 151
5.7. Sufficient Condition for Existence of an Extremum (the First

RULE) ettt ettt 152
5.8. Testing a Differentiable Function for Maximum and Minimum

with a Help of the First Derivative.....ocoeveeeririeieieieeeeese e 155
5.9. Testing a Function for Maximum and Minimum by a Second

DIETIVALIVE .euiiieiiirietceirietctee ettt ettt 157
5.10. The Greatest and the Smallest Values of a Function on an

INEETVAL Lo 158
5.11. Applying the Theory Maxima and Minima of Functions to the

SolVINg Problems. ..o 160
5.12. Convexity and Concavity of a Curve. Points of Inflection 161
513, ASYMPLOLES ..ot 165
5.14. General Plan for Investigating Functions and Constructing

GIAPRS ettt 169
5.15. Taylor’s fOrmula.......ccoeeieieieiieieiesececeeeeee e 173

CHAPTER 6. AN INDEFINITE INTEGRAL......ccccoiiiiiiceeee 179
6.1.  Antiderivative of a function. Definition of an Indefinite Integral 179
6.2. Some Properties of an Indefinite Integral........c.ccccnevnincinicninecns 181
6.3, Table of INtegrals....cccoceoiiiiiieireee e 182
6.4.  Methods of INtegration......cccecevierieriesiirieieeeeeteeee e 184
6.4.1. Direct Integration of the FUNction........ccocceeveveveneninenceneeieieieeene 184
6.4.2. Integrals of Function Containing a Quadratic Trinomial.................. 187
6.4.3. Integration by Substitution (Change of Variable).....c.ccccocccvnineinee 188
6.4.4. Method of Integration by Parts.......ccccceecieieiieciesienienecesecceeeeeeiens 193
6.5. Complex Numbers and Operations With Them.......c.ccoceoenininncne. 198

6



6.5.1.
6.5.2.
6.5.3.
6.5.4.
6.5.5.
6.5.6..
6.6.
6.6.1.
6.6.2.
6.6.3.
6.7.
6.8.

Integration of Some Irrational Functions

Definition. Algebraic Form of the Complex Number
Geometric Representation of the Complex Numbers...........cceuenee.

Trigonometric Form of the Complex Number........cccccceevenenenenennen.
Complex Power of “e” Number..........coeuviiiiiiiiiniiiiniieeeeieeanes
Exponential Form and Logarithm of the Complex Number..........
Formulas by Euler.....cocoieiiiiieiecceeeeeseceeeee et

Integration of the Rational Functions.........coceceenevninninecnennenne
Decomposition of a Polynomial into Factors.......c.ccecevevenenencncnne
Integration of Partial Rational Fractions.......c.cccecevvieicnencncncnennn.
Integration of the Proper Rational Fraction........cccecevevienenencnnnen.

Integration of Certain Classes of Trigonometric Functions

CHAPTER 7. DEFINITE INTEGRAL.......cccccoiiiiiiiiiiieieicicieiee

7.1.
7.2.
7.3.
7.4.
7.5.
7.6.
7.6.1.

7.6.2.
7.7.

A Definition of the Definite Integral.........cccoceeviiiiiiiiiiininiiienee
The Classes of the Integrable Functions.........cccoeceevecievienienenesenens
Basic Properties of Definite Integrals.......cccoceevieeievienienenenieieieee,

Review questions and exercises
Evaluating a definite integral. The Formula by Newton-Leibniz
Methods of Calculation of Definite Integrals.......cccccevvevierierenenenen.
Method by substitution. (Change of Variable in the Definite
INEEEIAL) .ot
Integration by parts.....c.ccceceeeoreneeneineneeeceee

The definite integral of even and odd functions........c.cccoeevrennnne.

CHAPTER 8. APPLICATIONS OF THE DEFINITE INTEGRAL

8.1.

8.1.1.
8.1.2.
8.1.3.

8.1.4.
8.2.
8.2.1.

8.2.2.

8.2.3.
8.3.

8.3.1.

Computing Area of Plane Figures......c.ccceoeneincnnincinicnncnccnnens
Area in Rectangular Coordinates......c.ceoveveerenineneineeeneceecenees

Area Between Two Curves
Calculation of the Area Bounded by a Curve Given

Parametrically ...
The Area of a Curvilinear Sector in Polar Coordinates...................
The Arc Length of @ CUIVe..coooiiviiiniiiiieceecce e
The Arc Length of a Curve in Rectangular Coordinates.................

Calculation of Arc Length of the Curve Given by Parametricall)

The Arc Length of a Curve in Polar Coordinate

Applications of the Definite Integral o Calculation of Solid

VOIUMES ..ottt

Computing the Volume of a Solid by “Method of Slicing”

(Parallel SeCtion)......ccciireirinieirieirieieercceeee et .
7

266

266



8.3
8.3
8.3

9.1.
9.2.
9.3.

9.4.

9.5.

.2. The Volume of a Revolution Solid.......cccooeviniininiiniiecee
.3. Method of cylindrical shells.......cccoeoiiniiiieiiieeeeeee
4. Area of a Surface of Revolution.......ccecvenecinininincincnicncinceeeee
CHAPTER 9. IMPROPER INTEGRALS....cccoiiiiiiiieecrenenenenee
Integrals with Infinite Limits (I-kind)....c.ccoceveevieieninininininincecnee.
Generalized Formula by Newton-Leibniz......c.ccococeveiiineiincnncnennn
Signs of Comparison for Non-Negative Functions......c...cocceeenuenenn.

Improper Integrals of the 2nd Kind (Integrals of Unbounded
Functions, Integrals of a Discontinuous Functions)..........cccoeeune.e.
The Comparison Signs for Convergence of an Improper
Integrals of the Second Kind for Non-Negative Function...............

REFERENCES ...

APPENDIX 1. ENGLISH-UKRAINIAN-RUSSIAN
VOCABULARY OF MATHEMATICAL TERMS......cccocoiiiniiniiine
APPENDIX 2. RUSSIAN-ENGLISH VOCABULARY OF
MATHEMATICAL TERMS ...
APPENDIX 3. YKPATHCBKO-AHIJIIMCBKUM CJIOBHUK
MATEMATHYHIX CJIOBOCIIOJIYYEHD........cccocoiiiiiiiiiiiiiie

268
269
271
275
275
277
278

282

285
287

288

301



